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We show that there exist inﬁnitely many elliptic curves with
Shafarevich–Tate group of order essentially as large as the square
root of the minimal discriminant assuming certain conjectures. This
improves on a result of de Weger.
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1. Introduction
In this paper each elliptic curve E is deﬁned over Q, X(E) denotes the Shafarevich–Tate group
of E , N(E) denotes its conductor, and (E) denotes the globally minimal discriminant of E un-
less otherwise speciﬁed. The naïve height of an elliptic curve E is deﬁned to be h∗(E) = 112 ·
logmax{|c4|3, |c6|2}, where c4 and c6 are quantities associated to the Weierstrass equation for E .
The deﬁnitions of c4 and c6 can be found in [4, §3.1].
Goldfeld and Szpiro [3] conjectured that:
Conjecture 1.1 (Goldfeld–Szpiro). For every  > 0,
#X(E) = O (N(E) 12+). (1)
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With this in mind, the main result of this paper, which follows, argues that the bound below is best
possible.
Theorem 1.1. For every  > 0, there are inﬁnitely many elliptic curves E such that
#X(E)  ∣∣(E)∣∣ 12− (2)
assuming the BSD conjecture in the rank 0 case and Conjecture 1.2 ( for the elliptic curves constructed in the
proof ).
The above theorem improves on a result of de Weger [6], which is as follows.
Theorem 1.2 (de Weger). For every  > 0 there exist inﬁnitely many elliptic curves with
#X(E)  ∣∣(E)∣∣ 112− and (3)
#X(E)  N(E) 12− . (4)
Eq. (3) requires assuming the BSD conjecture in the rank 0 case and Conjecture 1.2. Eq. (4) requires assuming
Szpiro’s Conjecture 1.3 in addition.
Conjecture 1.2 (Shintani, Shimura). The Riemann hypothesis holds for the Rankin–Selberg zeta function asso-
ciated to the weight 32 modular form associated to an elliptic curve by the Shintani–Shimura lift.
Conjecture 1.3 (Szpiro). For every  > 0,
(E)  N(E)6+ . (5)
The proof of Theorem 1.2 is constructive and produces a sequence of elliptic curves whose coef-
ﬁcients are related via the ABC-conjecture, whose Shafarevich–Tate groups are bounded from below
as stated above. It suﬃces that the assumptions in the theorem hold for this constructed sequence.
We note that the paper [6] incorrectly does not assume Conjecture 1.2 in proving Eq. (3). Without
this assumption the exponent would be 112·13 −  and not 112 −  .
In the remainder of this section we set up some asymptotic notation, and present a conjecture to
be referenced in the succeeding section.
Let f (x) and g(x) be real-valued functions over R. The notation “ f (x) ∼ g(x)” denotes that
g(x) = 0 for suﬃciently large x and limx→∞ f (x)g(x) = 1. Statements of the form “for every  > 0,
f (x)  g(x)c+” should be interpreted as “for every  > 0, there exists a constant h() such that
f (x)  h() · g(x)c+ , where h() depends on  , and the inequality holds for all suﬃciently large
values of x”. In the literature, “ f (x)  g(x)c+”, “ f (x)  g(x)c” and “ f (x) = O (g(x)c+)” are used
synonymously.
The Frey–Szpiro conjecture (equivalent to the ABC conjecture [5]) states
Conjecture 1.4 (Frey, Szpiro). For every  > 0, there exists c > 0 such that
h∗(E) <
(
1
2
+ 
)
logN(E) + c . (6)
In the paper [3], an equivalence between the Goldfeld–Szpiro conjecture (Conjecture 1.1) and
Szpiro conjecture (Conjecture 1.3) is established. In addition, the Frey–Szpiro conjecture implies the
Szpiro conjecture due to the identity 1728 · (E) = c4(E)3 − c6(E)2.
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The following inequality spells out the growth of the naive height of an elliptic curve with respect
to that of its discriminant:
1
12
 h
∗(E)
log |(E)| 
1
2
+ . (7)
The ﬁrst inequality follows from the deﬁnitions and the second inequality is a consequence of the
Frey–Szpiro conjecture (Conjecture 1.4). We would like to thank M. Hindry for illustrating to us that
the upper bound in Eq. (7) is met using a construction of Danilov [2]. This construction provides a
crucial ingredient in our proof of the main theorem.
Danilov’s construction in [2] yields inﬁnitely many integers ak , bk (such that as k → ∞,
|ak|, |bk| → ∞) which satisfy
∣∣a3k − b2k ∣∣∼ c|ak| 12 , (8)
where c = 54
√
5
125 = 0.965 . . . and thereby proves the following theorem, which conﬁrms a conjecture
of M. Hall (see [2] for the details).
Theorem 2.1 (Danilov). For inﬁnitely many integers x, y,
0<
∣∣x3 − y2∣∣< 0.97|x| 12 . (9)
As the pairs (ak,bk) satisfy Eq. (9), we have
|ak|3 max
{|ak|3, |bk|2}< |ak|3 + 0.97|ak| 12 . (10)
Let us consider the sequence of elliptic curves Ek: y2 = x3 −27akx−54bk . The discriminant of this
model and c-invariants of Ek are as follows: (Ek) = 26 ·39(a3k −b2k ), and c4(Ek) = 64ak , c6(Ek) = 66bk .
We do not take (ak,bk) as the c-invariants of Ek , since it is not clear if these pairs of integers sat-
isfy Kraus’ conditions [1, Proposition 3.1.1], in other words, there exist elliptic curves Ek with these
c-invariants for all k.
Note that (Ek) denotes the discriminant for the above model of Ek and not necessarily the mini-
mal discriminant. It is not clear to us if (ak,bk) can be chosen such that the discriminants are minimal.
By change of the variables, Eq. (10) reads
∣∣c4(Ek)∣∣3 max{∣∣c4(Ek)∣∣3, ∣∣c6(Ek)∣∣2}< ∣∣c4(Ek)∣∣3 + 0.97 · 6−10∣∣c4(Ek)∣∣ 12 . (11)
The term |c4(Ek)|3 dominates over |c4(Ek)| 12 for suﬃciently large k, and hence
max
{∣∣c4(Ek)∣∣3, ∣∣c6(Ek)∣∣2}∼ ∣∣c4(Ek)∣∣3, as k → ∞. (12)
Utilizing the fact that for any elliptic curve E , 1728 · (E) = c4(E)3 − c6(E)2, Eq. (8) leads to
c · 24 · 36 · ∣∣c4(Ek)∣∣ 12 ∼ ∣∣(Ek)∣∣, as k → ∞. (13)
Combining Eq. (12) and Eq. (13) we have illustrated that as k → ∞,
h∗(Ek) = 1 logmax
{∣∣c4(Ek)∣∣3, ∣∣c6(Ek)∣∣2}∼ 1 log∣∣(Ek)∣∣. (14)12 2
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elliptic curves {Ek} and the BSD conjectural formula (15), which is as follows,
#X(E) · Reg(E) = L∗E(1) ·
#E(Q)2
Ω(E) ·∏p cp(E) , (15)
where Reg(E) stands for the elliptic regulator of E(Q)/E(Q)tors , computed using the canonical height
pairing; L∗E(1) is the leading coeﬃcient of the Taylor expansion of the L-series of E at s = 1; Ω is
deﬁned to be
∫
E(R) |ω|, where ω := dx/(2y+ c1x+ c3) is the invariant differential on a global minimal
Weierstrass equation for E over Q, and c1, c3 are the usual coeﬃcients in the generalized Weierstrass
model for E; and cp := #E(Qp)/E0(Qp) refers to the Tamagawa number at p, where E0(Qp) is the
subgroup of the group of Qp-points of E that reduce to a non-singular point on the reduced curve
at p.
The lemma needs a bound for the product of the Tamagawa numbers cp of an elliptic curve at a
prime p, which is as follows [4, Corollary 15.2.1], [6]
1
∏
p
cp 
∣∣(E)∣∣( mlog log |(E)| ) = O ((E)), (16)
where m is some constant [6, Theorem 3].
Lemma 2.1. Assuming the BSD formula, for the elliptic curve sequence {Ek} constructed using Danilov’s Theo-
rem 2.1,
log
(
#X(Ek) · Reg(Ek)
L∗(Ek)
)

(
1
2
− m
log log |(Ek)|
)
· log∣∣(Ek)∣∣ (17)
for suﬃciently large k, where m is the constant, which is used in bounding the product of the Tamagawa
numbers.
The purpose of the remainder of this section is to use the aforementioned sequence of elliptic
curves {Ek} and construct another sequence {E ′k} to prove the following lemma which would in turn
imply Theorem 1.1.
Lemma 2.2. Let m be the constant, which is used in bounding the product of the Tamagawa numbers
(Eq. (16)). Assuming Conjecture 1.2, there exists a sequence of elliptic curves {E ′k} such that for suﬃciently
large k
h∗
(
E ′k
)
<
1
2
log
∣∣(E ′k)∣∣, (18)
h∗
(
E ′k
)

(
1
2
− m
log log |(E ′k)|
)
· log∣∣(E ′k)∣∣. (19)
In addition assuming the rank 0 case of the BSD conjecture, we have
log#X
(
E ′k
)

(
1
2
− m
log log |(E ′k)|
)
· log∣∣(E ′k)∣∣ (20)
for suﬃciently large k.
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In what follows the elliptic curve Ek,q will denote the quadratic twist of Ek by q, where q will
depend on k and more precisely on the elliptic curve Ek (we do not use subscripts to enhance read-
ability). Twisting by q introduces a factor of a power of q to the discriminant and the c-invariants,
namely, (Ek,q) = q6 · (Ek), c4(Ek,q) = q2 · c4(Ek) and c6(Ek,q) = q3 · c6(Ek).
Multiplying the inequalities in Eq. (11) by q6 and switching to notation in terms of Ek,q we get
∣∣c4(Ek,q)∣∣3 max{∣∣c4(Ek,q)∣∣3, ∣∣c6(Ek,q)∣∣2} (21)
<
∣∣c4(Ek,q)∣∣3 + 0.97 · 610q5∣∣c4(Ek,q)∣∣ 12 . (22)
Let us start with Eq. (8) which (ak,bk) obey, namely for each δ > 0,
1− δ < a
3
k − b2k
c|ak| 12
< 1+ δ (23)
for suﬃciently large k. Multiplying the numerator and denominator of the fraction by q6, translating
to notation in terms of Ek,q , taking sixth powers and retaining the same notation for δ we get, for
each δ > 0,
1− δ < |(Ek,q)|
6
c′ · q30|c4(Ek,q)|3 < 1+ δ (24)
for suﬃciently large k and where c′ = c6 · 624 · 318.
Assuming Conjecture 1.2 (the Riemann hypothesis holds for the Rankin–Selberg zeta function as-
sociated to the weight 32 modular form associated to the elliptic curve by the Shintani–Shimura lift)
holds for each Ek , it is known that for every  > 0, there exists q < N(Ek) such that L(Ek,q,1)  1 for
suﬃciently large k (see [6] for details). As L(Ek,q,1) is bounded away from 0, Ek,q has Mordell–Weil
rank 0 by the BSD conjecture.
Applying the inequality q < N(Ek) to the right of Eq. (21) we have, for every  > 0,
max
{∣∣c4(Ek,q)∣∣3, ∣∣c6(Ek,q)∣∣2}< ∣∣c4(Ek,q)∣∣3 + 0.97 · 610N(Ek)5 ∣∣c4(Ek,q)∣∣ 12 (25)
for suﬃciently large k, and noting that 1 q for each elliptic curve, we have
1− δ < |(Ek,q)|
6
c′|c4(Ek,q)|3 (26)
for suﬃciently large k.
Combining Eq. (25) (with ﬁxed  < 1) and Eq. (26) proves that, for each δ > 0,
h∗(Ek,q) <
1
2
log
∣∣(Ek,q)∣∣− 112 log
(
c′ · (1− δ)) (27)
for suﬃciently large k. This proves Eq. (18).
On the other hand, applying the inequality q < N(Ek) to the inequality on the right of Eq. (24)
we have, for each  > 0 and for each δ > 0,
|(Ek,q)|6
c′ · N(Ek)30 |c4(Ek,q)|3 < 1+ δ (28)
for suﬃciently large k.
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and for each δ > 0,
max
{∣∣c4(Ek,q)∣∣3, ∣∣c6(Ek,q)∣∣2}> c′−1 · ∣∣(Ek,q)∣∣6 · N(Ek)−30 · (1+ δ)−1 (29)
for suﬃciently large k. By the deﬁnition of the naïve height of an elliptic curve and the fact that
|(Ek,q)| > N(Ek), we obtain, for each  > 0 and for each δ > 0,
h∗(Ek,q) >
(
1
2
− 5
2
)
log
∣∣(Ek,q)∣∣− 112 log
(
c′ · (1+ δ)) (30)
for suﬃciently large k, where c′ = c6 · 624 · 318. This proves Eq. (19).
Denote by E ′k the rank 0 quadratic twist of Ek by q such that L(Ek,q,1)  1. By BSD conjectural
formula (rank 0 case), we have proved that
log#X
(
E ′k
)
>
(
1
2
− 5
2
− m
log log |(E ′k)|
)
· log∣∣(E ′k)∣∣ (31)
for suﬃciently large k, where m is the constant, which is used in bounding the product of the Tama-
gawa numbers (Eq. (16)).
This ﬁnishes the proof of Lemma 2.2 and Theorem 1.1.
We also observe that analysis similar to above discussion can be applied to elliptic curves {Ei}
with c4 = 0 or c6 = 0 to prove
h∗
(
E ′i
)∼ 1
12
log
∣∣(Ei)∣∣, (32)
where E ′i are rank 0 quadratic twists of Ei such that LE ′i (1)  1 for suﬃciently large values of i. This
would imply that there are inﬁnitely many elliptic curves E ′ with
#X
(
E ′
) ∣∣(E)∣∣ 112− (33)
on the lines of de Weger’s work—see Theorem 1.2.
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